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A PROOF OF THE THEOREM CONCERNING 
ARTIFICIAL SINGULARITIES 


By D. R. Curtiss 


In the January number of the Bulletin of the American Mathematical 
Sociely,* Professor Landau has supplied data lacking in certain fallacious 
proofs of the well-known theorem which states that if /(z) is single-valued 
and analytic at all points of the neighborhood of the point c, exclusive of c¢, 
and remains finite throughout this neighborhood, it has at most an artificial 
singularity at c; i. e., with a suitable definition of /(c) the function f(z) 
will be analytic at c.t 

I wish to point out in this note a simple proof of this theorem which 
does not assume, as does Professor Landau’s paper, the existence of 
lim f(z). 

The proof makes use of an auxiliary function y(z) defined by the 
equations 

¥(z) = (2 (z#¢), = 0.5 

We have 

v'(c) = 0. 

Thus ¥(z) has a derivative at ¢ as well as throughout its neighborhood. 

Though Goursat’s theorem § makes it unnecessary to prove y'(z) continuous 


* Vol. 12, pp. 155-156. 

+ For references and a discussion of various proofs of this theorem see Professor 
Osgood’s paper, ‘‘Some points in the elements of the theory of functions,” Bull. Amer. 
Math, Soc., vol. 2 (1896), pp. 296-302. 

t The auxiliary function considered by Professor Landau and used in the above-mentioned 
incorrect proofs was the function ¢(2) defined as follows: 


o(2z) = (2 — (2 o(c) = 0. 


§ Trans. Amer. Math. Society, vol. 1 (1900), pp. 14-16. 
(161) 
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at c, we may note that this property is easily deduced from the formula, 
valid when |z—c_) is sutticiently small, 


S(tjdt 
= Jot — 2)” 


where C’ is a circumference about z of radius 4.z—c!. If W> | f(2)) 
throughout the neighborhood of c, exclusive of c, we have 
2M 
S'(2)\< 


c| ’ 
hence 


Him y'(z) = y'(e) = 0. 


But it can be shown, either by the use of Taylor’s series or directly from 
Cauchy’s formula written in the form 
1 (t)dt 
= 95; | GOS 


+ + (= — ©)? 


that on account of the relation W(c) = W'(c) = 0, Y(z) can be expressed as 
the product of (z — c)? and a function V(z) analytic at the point ¢ as well as 
throughout its neighborhood. We have therefore only to add the definition 
JS(¢) = V(c) to make f(z) identical with V(z) throughout the neighborhood 
of c, inclusive of c. 
EVANSTON, 
JANUARY, 1906. 


* The corresponding general form of Taylor's series with the remainder, although capa- 
ble of wide application, has received little notice in treatises on the theory of functions. 
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ANOTHER PROOF OF THE THEOREM CONCERNING 
ARTIFICIAL SINGULARITIES 


By Maxime BocHer 


Tue theorem considered by Professor Curtiss in the preceeding note is so 
important that still another simple proof may not be out of place. The proof 
which I give is a simplification of the second proof given by Osgood in the 
Bulletin of the American Mathematical Society for June 1896, p. 301. 

Lemma. f(z) ts continuous throughout a region S, and is analytic at 
every point of this region except ata point ¢ which is not on the boundary of 
S, then f is analytic at ¢ also. 

Consider a circle A’ with ¢ as centre and lying wholly in S. The integral 
of f(z) taken around any regular closed path in A’ is zero. To prove this we 
consider three cases : 

1) If this closed path does not surround or pass through ¢, f(z) is 
analytic everywhere upon and within the path. Hence the integral is zero. 

2) If the path surrounds ¢, the integral around it is equal to the inte- 
gral around an arbitrarily small circle having ¢ as centre. Accordingly its 
absolute value cannot exceed 27r.V where r is the radius of this small circle 
and .V is the maximum of f(z) on its circumference. But since as r ap- 
proaches zero, lim | f(c)|, we have lim 0. Hence the value of 
our integral must be zero. 

3) Ifthe path passes through c, the integral around it is equal to the in- 
tegral along an arbitrarily short are of length / of this path having c¢ as its 
middle point plus the integral along a path connecting the extremities of this 
are and of length less than 2/. Accordingly the absolute value of this integral 
cannot exceed 3/M, where M is the maximum of /(z) on the path just 
described. Since this vanishes with /, our integral is again zero. 

(163) 
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Since f(z) is continuous throughout A and its integral around any 
regular closed path in A is zero, it follows from Morera’s theorem * that /(z) 
is analytic at c as well as elsewhere. 

THEeorEeM. Jf f(z) is analytic throughout a region S except at a point 


| e which is not on the boundary of S, and if f(z) remains finite in the neighbor- 


hood of c, then f(z) approaches a finite limit as z approaches c, and if this 
limiting value be taken as the definition of f(c), then f is analytic at c. 
For the function (z — c)/(z) is by our lemma analytic at c if we define it 
as having the value zero there. Hence we may write 


and therefore, when z + ¢, | 


=a + + 


Hence as z approaches c, lim f(z) = a,, and if we define f(c) = a,, f is ana- 
lytic at c. 


HaRVarRD UNIVERSITY, 
CAMBRIDGE, Mass. 


*Cf. Osgood, Funktionentheorie, vol. 1, p. 256. This theorem is so easily proved and so 
useful that it may well be introduced at an early stage even in an elementary course on the 
theory of functions. 
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CURVES OF MINIMUM MOMENT OF INERTIA WITH RESPECT 
TO A POINT 


By Max Mason 


THE problem to be considered in the following pages furnishes an ex- 
ample of the calculus of variations in which discontinuous solutions play an 
important part. The problem may be stated as follows: 

Among the curves that join two given points, 1 and 2, that one is required 
which has the least moment of inertia with respect to a third point 0.* 

It is evident that only those curves which lie in the plane 012 need be 
considered. In fact, the orthogonal projection, C’, on this plane of any curve 
C not lying in the plane has a smaller moment of inertia than the curve C, since 
C’ is longer than C’ and each point of C is farther from 0 than is the correspond- 
ing point of C’. 

Let the polar coordinates of the points 1, 2 be (r,, @;), (72, 0,), the point 
0 being chosen as the pole. Assuming the equation of the curve in parameter 


representation, 
r=r(t),@d=0(t), 


it is required to minimize the integral 


[ras = dt, 
t, 
under the conditions 
r(4) r(t,) = 12, = 6, O(t2) = 


The equation of the extremalst may be found most simply by writing the 


integrand of J in the form 
2 
+ dr. 


* The density is supposed constant and the same for all curves. The problem has not 
been previously treated beyond the point of determining the equation of the extremals. This 
was done by Bonnet, Journal de Mathématiques, vol. 9 (1844), p. 97. 

+ For the notation and well known theorems of the calculus of variations the reader is 
referred to Bolza, Lectures on the Calculus of Variations, Chicago, 1904. 
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Since this does not contain 6 we may write down at once a first integral of the 
differential equation of the extremals, namely, 


— = constant = £, 
or, 
do 


For 8 = 0 the extremals are straight lines through the pole, @= const. For 
general values of 8 the integration of the above equation gives 


30 + a =—are tan 


or, 
(1) Br? = sec (30 + 


where a is a second constant of integration. An extremal @ = const will be 
denoted by S, the remaining extremals by C. 


1. The straight line solutions. In case the three points 0, 1, 2 lie 
in a straight line the problem may be solved without reference to the general 
theory. The extremal joining 1 and 2 is the straight line S through 0, 1, 2. 
Suppose first that the points 1 and 2 are not separated by 0. Let the order 
be 0, 1, 2. Denote by C any curve other than S which joins 1 and 2, and 
by s the length of are on C or S measured from 2. Now 


I= 


the length of Cis greater than that of S, and the value of r on C is greater than 
the value of r on S for the same value of s. Hence J((’) > J(S). If the points 
1 and 2 are separated by 0 there is a point 3 on S such that the lengths of S,, 
and .S,; are greater than those of C' and Cy respectively. Then the above 
inequality holds for the same reason as before. 

We may therefore state the following theorem : 

TueoreM I. [Jf the three points 0, 1, 2 lie on a straight line, the segment 
of that line between 1 and 2 has the least moment of inertia with respect to 0 of 
all curves joining 1 and 2. 
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2. The Continuous Solutions. It is evident from equation (1) that 
unless | 6, — 6,|< 7/3 the points 1 and 2 cannot be joined by an extremal. 
We will assume for the present that this inequality holds. Since the extremal 
of the set (1) corresponding to the values a, £ is identical with that for the 
values a + 7, — 8 we may assume without restriction that 


OSa<rn. 
To determine an extremal joining 1 and 2, the equations 
Bri = sec(30, + a) 
Bry = sec(30, + a) 


must be solved for a and 8. The value of 8 is uniquely determined when a 
is known. Eliminating 8 we have 


r}(cos 30, cosa — sin3@, sina) = rj(cos30, cosa — sin36, sina), 
or, 
_ 7, — c0s36, 
rj sin36, — rysin30, 


Since 0 S a < 7 this equation admits a unique solution. Hence: 

If \0, — 7/3 the points 0), 2( 72, may be connected by one 
and only one extremal C. 

Let ay, 8) be the values of a, 8 which determine the extremal C. If we 
allow 8 to vary we obtain a one-parameter family of extremals, all having the 
same pair of radii vectores as asymptotes. These extremals form a field. In 


fact, the set being given by the equation 


sec(3@ + ao) 


we have 
or sec(30 + ao) r 


which is different from zero within the angle formed by the asymptotes. 
The extremal C may therefore be imbedded in a field which covers the en- 
tire interior of the area hounded by the asymptotes to C. 


— 


= 
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Since the function 
Foo rt 


is positive for all directions (2”, 6’) it follows the Weierstrass #-function, 
E(r, 0, r’, 0, 7, 6’), is never negative in the field, and is only then zero, 
when the direction (7’, @’) coincides with the direction (7’, 6’). Wederstrass’s 
condition is therefore satisfied. 

The sufficient conditions being thus satisfied the extremal C), minimizes 
the integral with respect to all curves Cy, which lie within the field. 

If the comparison curve C’\, does not lie entirely within the field two cases 
may arise; the closed curve C,, + Cz, formed by Cy, and Cj, may or may not 
include the point 0. If it does not include 0, the curve Ci, may be replaced 
by a curve Cj, formed by the curves S,;, Cy,, Sig (figure 1) which by theorem 


Fic. 1. Fig. 2. 


I gives a smaller value to J than the value J((’,). But the curve Cj, lies en- 
tirely within the field ; hence 


C2) < J(Ch) < 


If Cy, + Cy does include the point 0 then the line S,, if extended will 


meet C\, at a point 3, lying at or beyond 0 on Sj (figure 2). Then by 
theorem I: 


T( So) + ISy) < 
Hence, adding these inequalities : 


I(Sin) < 


2 
| 
: 3 1 
0 
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It remains to be proved that 


Let 3,4 be two points on Sj, and So, respectively at a distance ¢ from 0. 
Denote by Cj, the curve formed by js, the straight line joining 3 to 4, and 
Sj. Since this curve lies entirely in the field we have 


I(Ci.2) — J(Cy) = Edt, 


where £ is the Weierstrass Z function. Hence 


Sios) J( Cy) = limit Edt > 0. 
Gee 


The results may be stated in the following theorem : 
TueoreM II. The extremal 


B = sec(36 + a) 


joining the points 0,), 0), where |0,—0,| < 7/3, has the least 
moment of inertia of all curves joining 1 and 2. 


3. The Discontinuous Solutions. If — = 7/3 the points 
1 and 2 can not be joined by an extremal having a continuously turning tan- 
gent. Any two points may however be joined in an infinite number of ways 
by a curve composed of portions of different extremals whose intersections 
are corners of the curve. A necessary condition that such a curve minimize 
the integral is that 
rt 


9, r’, = 


shall vanish for some direction (7’, 0’) when the coordinates of a corner are 
substituted for rand @. For the problem under consideration this can only 
happen at the point 0. The only curve which could form a discontinuous 
solution is therefore the curve Sj. composed of the lines 6 = 6, and 0 = @, 
which connect 1 and 2 and meet at 0. 

It has been seen above that this curve cannot yield an absolute minimum 
in case |, — 0,| < 7/3. Moreover it does not give even a relative minimum 
to J. In fact, any two points 1’, 2’on Sj and Sq respectively may be joiued 


= 
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by an extremal C however near 1’ and 2’ may be to 0. As has been shown 
above 
J( < A ), 

and hence the curve composed of the segments Sj, Cys, Sy2, which may lie 
as near as we please to Sj, gives a smaller value to J than Sy. //ence, if 
|0, — 0,| < 1/3, there exists no discontinuous solution. 

It remains to investigate the existence of discontinuous solutions for the 
case | 0, — 2 7/3. 

The value of J taken along an extremal C between two points (7, 4), 
(2, 03) for which | — < 73 is 


JC Ay rt 7) dr, 


where 7) is the minimum value of r on the extremal Cj,. On substituting the 


10 ‘ 
value of “ from equation (1) this becomes 


| 


ro = 


If the points 1 and 2 move so that |@, — @,\ approaches 7/3, then 8 increases 
without limit and 7, approaches 0. Hence 


But 
J( Si) = "le + | “dr = 
and therefore 
\(2) limit Cn) Si) {= 0. 


| 4,—0, 3 


We may now compare the value J(Sj9)), for the case | 4, —0,| = 7/3, with 
the value J((,,) of the integral taken along any other curve Cj, joining 1 and 2. 
If C’does not cross the acute angle formed by the lines @ = 0,, 6 = 0, then 
J(Sim) < I(Cy,). This may be easily shown by the method used in proving 


‘ 
if 
| 
| | 
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theorem I. Suppose that C’ crosses the angle, intersecting Sj, at 3 and So at 
4 (see figure 3). By theorem I, | 


the equality holding only when C coincides with Sj) from 1 to 3 and with Sj 
from 4 to 2. Let 3’ and 4’ be two points on C near 3 and 4 respectively 


Fie, 3. 


and within the angle formed by Sj. Then 3! and 4’ may be joined by an ex- 
tremal and 
J( Cs) J( = Eat. 
Hence, by equation (2) : 
I( Cy) — = limit [ Edt > 0. 


= 
Adding this inequality to (3) we have 
Cy) > I 


The curve Sj, therefore minimizes the integral with respect to all other curves 
joining 1 and 2, if |@,— @,| = 7/3. 

Suppose now that the end points 1, 2 are so situated that |@, — @,| > 7/3. 
It will be shown that the curve Sj is the solution in this case. 

Let C\, be any other curve connecting 1 and 2, and 3(73, @;) a point on 
Cy such that |@, — 0,| = 7/3. From the preceding case we have 


J( C2) > + 


2 
C 
0 3 
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Hence 
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J(Cy) > 3 + 


2 
Cy) = [ [ dt, 


| 


I(Cs2)= 3 3 


3 
C2) > = J( 


We may therefore state the theorem : 
Tueorem III. Jf | 0, — 2 73 the curre Sy, formed by the straight 
lines 0 = 0,, 0 = 0s, hus the least moment of inertia with respect to the point 0 
of all curves connecting the points 1 and 2. 


SHEFFIELD SCIENTIFIC or Yate UNIVERSITY, 


New Haven, Conn. 
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TRIANGLES AND QUADRILATERALS INSCRIBED TO A CUBIC 


AND CIRCUMSCRIBED TO A CONIC 


By H. S. Wuire 


PoNcELET’s porism of inscribed and circumscribed polygons has a certain 
extension to the system of a non-singular plane cubic and a curve of the 
second class, resembling that recently given by Morley to point cubic and line 


cubic, but differing also in one feature. 


I shall consider only polygons of 


three and of four sides, first as to their possible occurrence, then by reviewing 
a well known construction, and lastly as to the corresponding algebraic condi- 


tions. 
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1, Can a triangle have vertices moving freely on a cubic while its sides 
continually touch a conic? If not on a general cubic, then can a special 
cubic admit such a system of triangles, and how strongly must it be spe- 
cialized ? 

Call the cubic C and the conic A, and suppose that every point of C’ is 
a vertex of a triangle inscribed in C and having for sides three tangents of 1. 
If one side of such a triangle is a, and two vertices upon that side are the 
points A, and A, of the cubic, let 4 denote a second side, and B,, Bz, its 
vertices, so that A, and #, shall denote the same point. Outside of these 
points, a and + cut the cubic in A, and /3, respectively, and these points by 
hypothesis must be themselves vertices of other such triangles. Through A,, 
however, pass only 2 tangents of A; one is a. call the other one d. Of this 
second triangle, two vertices must lie on a; one is Ag, let the other be 
A,(= B,). Then as a and / are the two tangents to A from A,, both must 
belong to this second triangle, and #2; must be its third vertex. Simi- 
larly we should find a third triangle 2B, B,(= C)), Cs, and a fourth 
Cy, C,(= A), As. Hence the existence of a triangle with vertices freely mov- 
ing on the cubic while its sides roll upon the conic necessitates the existence of a 
quadrilateral with all six vertices moving freely on the cubic while its sides 
continually touch the conic, 

It is well known that if a complete quadrilateral has all its vertices upon 
the cubic, its opposite vertices are always a Steiner pair of the lowest kind, 
and that every cubic contains three discrete systems of such pairs. To con- 
struct the quadrilateral, two pairs may be chosen at random from any one 
system, then the lines joining points of one pair to points of the other con- 
stitute the quadrilateral, and its remaining vertices will fall on a third pair of 
the same system. Accordingly if the desired quadrilateral can exist, its pairs 
of opposite vertices must be three conjugate pairs in the same one of the three 
systems in involution on the cubic. 

From every point of the cubic C, the pairs of points in involution on C 
are projected by the pairs of rays of a pencil in involution. Two rays ~, and 
ug of each such pencil are tangent to A’; replace them by their corresponding 
rays in the involution, v, and v,. In how many pencils will it happen that 
v, coincides with 7; i. e., that the two tangents of A’ from a point Z of the 
cubic are paired in the involution on the cubic’ To answer this question, ex- 
amine the whole system of lines v,, v,, or the v’s, and determine its class. 


i 
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Through Z there pass two v’s conjugate to the two tangents from 7 to A. 
But also through 7’, the conjugate of Z on C, there pass two tangents of A 
which belong to pencils emanating from four other points; the four rays con- 
jugate to these tangents will be additional v-lines through 7, consequently the 
system of v’s is of class 6, and so contains 6 X 2 = 12 tangents of A. Some of 
those 12 however are improperly counted, namely those which are self- 
conjugate in the involutions. Self-conjugate lines (call them w-lines) fill a locus 
of class 3, known in certain relations as a Cayleyan envelope. Hence 
3 x 2 =6 of them are tangent to A, leaving but 6 tangent v-lines properly 
so called. As these 6 are at once u-lines and v-lines, they occur in pairs, and 
give only 3 points of meeting of such pairs on the cubic. 

If the Steiner correspondence or involution is given, together with the 
cubic and conic, these 3 points are susceptible of algebraic determination, and 
we can infer that if any cubic contains more than 3 such points, every point 
upon it will satisfy the same conditions. So it is proved that 

Every given cubic contains 3 points from which pass pairs of tangents to a 
given conic, each pair consisting of lines conjugate in one involution on the 
cubic. As the cubic has in general three such involutions, it will have altogether 
9 such points. Further, if in one of the involutions there occur 4 such points, 
then every point of the cubic (except its intersections with the conic) will be the 
intersection of 2 conjugate tangents to the conic. 

When this special case occurs, it is not difficult to show that quadrilat- 
erals are present, of the sort described above. As one quadrilateral has six 
vertices, we see that the existence of one quadrilateral inscribed in the cubic 
and circumscribed to the conic is more than sufficient to prove the existence 
of an infinite system of quadrilaterals having the same property. 

2. If an infinite system of Poncelet quadrilaterals is present, con- 
sider the cubic as hessian of a primitive cubic C’,; then the three diagonals of 
each quadrilateral will be tangents to the Cayleyan of C,, and form a polar 
triangle of the conic, variable upon the Cayleyan. This gives at once a 
means of writing explicitly a relation between the conic and cubic, namely 
by using the condition that a given curve of the third class shall have tangents 
arranged in an infinite number of triples, each triple a polar triangle of 
the conic. That condition consists of the identical vanishing of a quadric 
covariant of the Cayleyan and the conic.” 


* See Transactions of the American Mathematical Society, vol. 4 (1903), p. 138, (5). 
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As that covariant condition is incorrectly printed in its first publication,* 
it is desirable to give it here in extenso. Call the equation of the Cayleyan 
u = uy = 0, and that of the conic 2 = uj = ete. = 0, then the condition is 


I"(u) = A*(akh’)?u, uy, + 3 (aBk) (aBk’) (ydk)2ui, 
— 3(aBk) (aBk") us 
— A (afk) (aBk’) (ykk’)* ui = 0, . 


where A denotes the discriminant (a8y)?. This identity in variables (uw) yields 
however but two independent conditions. These are necessary, but of course 
not sufficient, since we have seen that only a double infinity of conics can be 
found, and accordingly three conditions are to be imposed. Such a set is found 
in the following manner. 

It is well known that ina doubly infinite linear system (or web) of line- 
conics, four common tangents to any two of the conics will intersect in six 
points of a fixed point-cubic. The pairs of opposite points in any such quad- 
rilateral are Steiner pairs of the lowest kind upon the point-cubic. That cubic 
is Cayleyan to a certain line-cubic II(v) = 0, whose system of quadric polars 
consists of the line-conics in the web first mentioned ; and if the point-cubic be 
given, the line-cubic II1(u) = 0 is one of three determinate curves, so that we 
find three doubly infinite webs of conics standing in the required relation. 
Probably the simplest statement is obtained by assuming as known a point- 
cubic, f= 0, of which the given cubic, 4 (xz) = 0, is hessian. The form 
J(x) determines uniquely a doubly apolar form II (u), whose first polars are 
then the conics about which quadrilaterals can be circumscribed so as to 
move freely while inscribed to the hessian. Analytically the conditions 
can be written, first in terms of a single one of the three pro-hessians, 
J(z) =0 = f3, of the given cubic A) = 0. 


2) — AL = — 
3) fif, = 9. 


In these defining equations, (1) and (2) are identities in variables (~), S is 
the invariant of degree 4 in the coefficients of /2, 4 and — m are constants whose 


* The explicit reckonings following p. 138, loc. cit., are cortect, the only errors being 
in formulw (4) and (5). 
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value depends on the cubic /} alone,* and uj, = 0, ui = 0, u} = 0 denote the 
conics of the three systems respectively ; the identity (3) is in variables (y). 
= | . These equations have the merit of being linear in the coeflicients of the conic. 
; All three systems may be defined by equations like (3) if we assume as known 
| the three pro-hessians 7; = 0, 73 = 0, and Ai} = 0 of the given cubic A} = 0. 
eS. The conditions are then: 


Si Fy = % = 0, and hyh, = 0. 


These are well known systems, but this their peculiar property seems not 
: . to have been exhibited as an extension of the theorems connected with Pon- 
aa celet’s polygons.t Schroeter’s celebrated linear construction of conjugate 
point pairs on the cubic from three given pairs requires the drawing of ex- 
actly the lines which have been described as tangents to conies, four at a time 
giving rise to one new pair of vertices. Calling these a Schroeter quad- 
| rilateral, we may formulate what has been proved: 
A cubic curve being determined by Schroeter’s construction from three 
pairs of points, the eight sides of any two Schrocter quadrilaterals are tangent 
to some conic, which envelopes a simply infinite system of such quadrilaterals ; 
and all such conics form a doubly infinite linear system of line-conics, the first 
polars of a line-cubic which has Schroeter’s cubic for its Cayleyan. 
-_ Given one Schroeter quadrilateral and two conjugate points not upon 
; its sides, another such quadrilateral can be constructed by solving a single 
, problem of the second order, or a quadratic equation. 


Vassar CoLLeGe, PovGHKEEpsige, N. Y. 
OcroBer, 1904. 


* See Conics and Cubies connected with a plane cubic ete., Transactions of the Amer. 
Math. Society, vol. 1 (1900), p. 8. 

Tt See however Emil Weyr, Uber Involutionen hoherer Grade, Crelle’s Journal, vol. 72 
(1870), pp. 285-292, and S. Kantor, Verallgemeinerungen eines Poncelet'schen Satzes, Crelle’s 
Journal, vol. 86 (1879), p. 271. 
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ON A FUNCTION WHICH OCCURS IN THE LAW OF THE MEAN* 
By E. R. Heprick 


1. Introduction. The formula 


+h) —f(%) =h-f'(x + Oh) =h-f'(x + &), 0<@<1, 

is known to every student of mathematics under the title“ the law of the mean” 
orasynonym. It is usually proved that the formula is correct if f(s) is defined 
in an interval a S x = b and if the derivative /’(x) exists in the continuum 
a<xz<b.t 

The quantity € which occurs in the formula is evidently a function of the 
two independent variables x and / and is defined for all values of x and h for 
which x and x + / both lie in the interval in which f(x) exists. The purpose 
of the present paper is to discuss the properties of this quantity &, and we 
shall write 


whenever it is desired to emphasize its functional character. 

In studying the function &(x, 4) it occurs to one immediately that if 
&(x, h) is continuous, the derivative f’(x) is surely continuous (see p. 183). 
A slight inspection would tend to convince one that the converse is true— 
at least in a limited sense—i. e., that if /’(x) is continuous, &(x, h) is a con- 
tinuous function of 4 when x is constant. This conclusion is, however, er- 
roneous. It will be shown that &(x, 4) may be utterly discontinuous, in the 
sense that & fails to take on values which lie between values which it does take 
on, even when f(x) exists and is continuous everywhere (see p. 190). 

The fallacies which depend upon the utter discontinuity of & are known, 
but not well-known. While pointing out their dangers, it may be well — 
to remark that certain proofs may be conducted without error along the same 
general lines as these fallacious arguments, if the function & be fully understood. 

Incidentally it will become evident that the law of the mean may hold in 
its present form in case the derivative /’(x) does not even exist at certain 
points, even when we permit x and x + / to assume any values whatever ; 
and generalized statements of the law hold even in more tenuous cases. 


* This paper is based partially upon a paper entitled ‘‘ On the Law of the Mean,” read by 
the writer at the summer meeting, 1903, of the American Mathematical Society, and partially 
on another paper entitled ‘* The function (4) in the Law of the Mean,” read by the writer at 
the April meeting, 1906, of the Chicago Section of the Society. 

t A proof of this fact will incidentally occur as a corollary to a theorem of this paper. 

(177) 
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Finally, certain unusual examples in the theory of maxima and minima 
which are suggested by the paper will be presented and commented upon for 
their useful warning against too great assumption in that theory. 


2. Limits over an assemblage. A function f(x) of a real variable 
x ix said to approach a limit WN as x approaches a particular value a if, cor- 
responding to any pre-assigned positive vumber ‘e, another positive number *6 
exists, such that 


(1) y(t) — <'e whenever 0 < | 


where x may be any number whatever which satisfies the last inequality.® 1 shall 
say for distinctness and emphasis that (2) approaches A with respect to the 
continuum or in the ordinary sense whenever these conditions are fulfilled. 
The left-handed superscripts indicate the order of choice of € and 6. 

’ It may happen that the state of atfairs described by (1) holds only in case 
x is allowed to assume the values which belong to a certain assemblage (F). 
In this case I shall say that /(x2) approaches AU irith respect to the assemblage 
(£) or simply over (£’), and I shall write 


It is evidently trivial to consider a case in which a is not a limiting point 
of (£’), since any function evidently approaches any desired constant for such 
an assemblage. We shall therefore assume that « = a is a limiting point of 
(£’) unless the contrary is stated. 

In particular, if ( 4’) consists of all points to the left (right) of a, and if 
the preceding inequalities are satisfied when x takes on any value in (£’), then 

I(x) will be said to approach HW from the left (right). 

If f(a) = # and if f(x) approaches A with respect to an assemblage (/’) 
as x approaches a, we shall naturally say that f(x) is continuous at a with 
respect to (FE) or simply over (EF). 

It is now very easy to write down the following theorems, at least some 
of which are important :-— 


* It should be noted, especially for what follows, that this definition absolutely eliminates 
any consideration of time; nothing whatever is said concerning the order in which the values 
of z are taken on, and all notion of succession is eliminated from the vulgar notion “approach.” 
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I. Let (EF) be an assemblage with a single limiting point a. Then (E) 
is countable and its members may he written in a sequence 


if f(x) approaches K over we shall have = For *N can 
be chosen so large that |x, — a|< 'e whenever n 2 7. 

Il. Lf f(x) approaches a limit H with respect to any assemblage (EB), it 
approaches WN with respect to any sub-assemblage of (EF). 

Ill. Jf f(x) approaches H over (EF), the assemblage (E) may be in- 
creased by adjoining the points of any assemblage for which x = a is not a limit- 
ing point. 

IV. More generally, if f(x) approaches K over each of a finite number 
of assemblages (E’),, +++, (E) ny the limit is the same over the assemblage 
(£) formed by uniting all the (£),;. For, given e, a 6 can be found for each 
(£),; the least of these 6’s may be used for (7). 

V. In particular, if the finite set of assemblages (EF) ;,(i=1, 2,--- x), 
exhaust all possible numbers in the neighborhood of x =a, (E) is the con- 
tinuum, and f(x) is continuous in the ordinary sense. 

VI. On the other hand, if f(x) approaches W with respect to any assem- 
blage (EF), any number whatever b 4 a is a member of some assemblage (F’) 
Sor which f(x) approaches K. For at least one such (/’) is formed by ad- 
joining 6 to (£). 

VII. Jt follows that even though f(x) approaches K for each of a set of 
assemblages (E}) which exhaust all possible numbers, f(x) does Not necessarily 
approach Kt in the ordinary sense. This follows directly from VI and from 
the knowledge of a single example of a function which approaches no limit in 
the ordinary sense, but which does approach a limit over some one assemblage. 
Such an example is y = f(x) = sin (1/x): this function approaches no limit 
as x approaches zero, in the ordinary sense, but approaches the limit zero over 
the assemblage (/) = 1/n7 (n=1, 2,---). Hence, by VI, f(x) ap- 
proaches zero over each of a set of assemblages which exhaust all possible 
numbers. Even if the set of (/)’s for which s(x) approaches A and which 
exhaust all possible numbers is known to be a countable (or enumerable) in- 
finite set, we cannot conclude that /(x) approaches A in the ordinary sense. 


[The example f(x) = 0 when ~ is irrational, f(~) = ¢ - x when x = ir Where 


p is prime to q‘ and q is not a perfect power, p, q, ¢ being all positive integers, 
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is an example of this kind. For lim /(p/g') = 0 for any fixed value of 4, 
and also lim f(x) = 0 if x is irrational, but (x) does not approach zero in the 
ordinary sense, as is seen by actually drawing the tigure.*] Jf the approach 
is uniform, however, the conclusion that f(x) approaches KV is correct. 

VIL. There is another theorem which is applicable in cases not covered 
by V. For (f we know that f(x) approaches HK’ for every possible assemblage, 
or even if we know merely that f(x) approaches hv for every possible sequence, 
we may conclude that f(x) approaches in the ordinary sense. For, if 7 (2) 
does not approach A, there exists a positive number ¢ for which relations (1) 
are false for every 6. Choosing 6; < 1/2', we shall then have /(2,) — A| > € 
for some one x; < 6;. Then f() surely does not approach A’ over the se- 
quence of the z;'s. 

These results evidently apply also in testing a function for continuity over 
an assemblage (E) at a point x = a, provided that f(a) = A. 

Again, we may substitute the notion of osci//ation for that of approaching 
a limit. If we consider all the points of an assemblage (£#’) which lie in a 
variable interval about =a, it is evident that there is one and only one 
lower limit of the upper limits of 7(2) on (£’) in all such intervals. Let us 
call this Z. Likewise there is only one upper limit of the lower limits of 
f(x) on (£) in all such intervals, which we call 7. Then the oscillation at 
x =awith respect to = L —/, and it is evidently necessary and 
sufficient that w ,, = 0 in order that /(x) be continuous at « = a with respect 
to (£). This notion may be generalized essentially ;{ and theorems analo- 
gous to those above may be written down. 


3. The function &(x, If f(x) be defined in the intervala x 
the quotient 


r+h)y—fiz 
is a function of x and A defined for values of + and /A for which x and x + A 
both lie in the intervala =z = 6. If this function Q(z, 4), for a constant 
value of x, approaches a limit A’( as / approaches zero) over any assemblage 


* See also Bull. Amer. Math. Soc., vol. 11, footnote, p. 321, March, 1905. 

+ A generalization of this theorem is obvious: If f(z) approaches A for every possible 
sequence which can be formed from the members of any assemblage (E), then f(x) ap- 
proaches KA over (E). 

¢ I shall do this in another paper. 
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(£) for which h = 0 is a limiting point, A is said to be the derivative of f(x) 
with respect to (EF), or simply over (Z). If (2) is the continuum, the de- 
rivative f(x) exists over the continuum, or simply in the ordinary sense. 
Otherwise we shall write 

K= Dex) f(*). 


Let us consider the auxiliary function 
$(2) = fe) — f(a) a), 


Let us suppose that $(x) is at a maximum (or at a minimum) at some point 
x=c,a<c<b. This will certainly be the case, for example, if f(x) is con- 
tinuous, since = ¢(a) = 0. Then if exists, where de- 
notes any essentially two-sided assemblage,* we must have 
b)— f(a 
(0) = Din 0. 

IX. Hence if (x) is at a maximum (or at a minimum) at «=e, 
a<c<h (in particular, if f(x) is continuous) and if Diz) f(e) exists for a 
two-sided assemblage (£), we shall have 


S(6) -F(®) = (6-a) Dey fC), a<c<b. 
This is the law of the mean. The requirement that f(x) be continuous 


in the interval a S26 and that the ordinary derivative /’(x) exist for 
a<x<h is evidently sufficient, but is ‘n no sense necessary tor this result. 


Replacing a by x and 4 — a by h, the formula may be written in the form 


Q(z, = LE + *) SE) = f(x +8), 


at least if ,f’(a2) exists throughout an interval in which x and x + / lie. That 
this formula holds in a very general manner in the precise form just given, 
even when -/(x) is discontinuous between x and x + h, is evident from such an 
example as y = 7(x) = sin(1/x), which is essentially discontinuous at x = 0. 
If we add /(0) = 0, the function f(x) is defined for every value of x, and it 
is easy to see that the preceding formula holds when x and x + / assume abso- 
lutely any values whatever. 


*That is, an assemblage in which there are points on both sides of x =a in any 
neighborhood of x = a. 
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We shall now assume, however, that /’(.c) exists in the ordinary sense. 
The number & depends upon the choice of both x and /, and may have several 
values, or even an infinite number, for one pair of values of x andh. If z is 
fixed, £ has at least one value for every value of / and that value is numerically 
less than A; i. e., in a plane whose coordinates are — and /, & always lies 
between the /-axis and the line & = h. 

There is a common fallacy which we may revise into an accurate proof. 
Since f(x) exists, we shall have, at any point x = 4, 


lim Q(k, 


A=0 


Q(k,h) =f (k + &), O< Eh <1 


and since 


we shall also have 
lim + &) 


A=0 
Since & is numerically less than h, &(/, 4) approaches zero with 4: and we 
might be led to infer that 

lim + &) =f'(h), 

€=0 


i. e., that is continuous atz This false, however; and the fal- 
lacious nature of the supposed conclusion is exposed by a single well-known 
example in which /’(x) exists and is discontinuous : 


y =f(£) = sin(1/z*) ifz 0, 
y a: f(z) = 0 
The function f(x) thus detined is evidently continuous, and its derivative is 
= f'(#) = 2x sin(1/z*) — ifx 0, 
y =f (2) = 0 —0. 


These forms show that /’(x) exists for every value of x, and that /’(z) 
is discontinuous at x = 0, for /"(z) exceeds any fixed number in any interval 
about x=. This example illustrates also the correct conclusions which 
follow. 

In fact the function (0, 4) does not assume all values near zero for values 
of # which lie in ony limited interval whatever. For |/"(x)| exceeds any 
fixed constant ?C’ inside of any interval (— 'e, 0) and also inside ('e, 0). Such 
is the real nature of the fallacy in any case; for /f &(k, h) is a continuous 


Junction of h, or in fact even if having assigned 'p we can find *® such that | €| 
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takes on all values less than » for some values of |h| less than p, the preceeding 
argument really shows that f'(x) is continuous atx =k. For, having chosen 


Ely Egy (Him = 0) we can choose pj, pz, +5 Puy (lim p, = 0) 
in such a way that 

| Q(k, h) — f'(k)| < €;, whenever |h| < p,. 
If, corresponding to each p; a quantity 4; can be found such that |£| takes on 


every positive value less than A; for some value of || less than p; we shall 
have 

|Q(k, kh) + &) — | < whenever < 
which expresses that /"(x) is continuous at x = k. 

X. A sufficient condition that f'(x) should be continuous is that corre- 
sponding to any positive number '\p another positive number *X exists, such that 
|| takes on all values less than X for some value of |h\ less than p, for both 
positive and negative values of €. 

Creometrically, a sufficient condition that a variable tangent should ap- 
proach a fired tangent is that in any interval about the fixed point of tangency 
a subinterval exists such that any tangent in the subinterval is parallel to some 
secant in the original interval through the fixed point. 

Whether this condition be satisfied or not, we can always find an assem- 
blage (FE) with respect to which f'(x) is continuous atx=k. For, having 
chosen h,, there exists at least one corresponding & different from zero, say 
&,. Setting 2. = &,, we can find a corresponding & + 0. Proceeding in the 
same manner we find 1, 2, ---, | < |&|, where lim —;=0. Since 
Q(k, h) approaches as h approaches zero, = f'(k), and 
therefore 

lim + €) = im hy) 


which shows that /’(x) approaches over (2) =k + &, 44+ &, --- asx 
approaches /. Hence we may say 

XI. A derivative which exists at every point in an interval is continuous 
at each point of the interval with respect to at least one essentially two-sided 
assemblage. 

XII. Ut follows that if the derivative f'(x), which is supposed to exist 
at every point, approaches any limit whatever in the ordinary sense, as x ap- 
proaches k, that limit is f'(k). 
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XII. It is evident from VI that if f(x) exists near x = k the assem- 
blages with respect to which f(x) approaches f'(k) as x approaches k exhaust 
all possible numbers. But there are still other assemblages for which /’(2x) 
does not approach /’(/*) unless is continuous at x= 4%. (See VII). 

It is easy to generalize these statements somewhat. For the derivative 
f'(x), which is supposed to exist, surely takes on any value C (A < C< B) at 
some point x =¢ (a <¢ </>) if it takes on the values A and Bat x = a and 
x = b, respectively. For, Q(x, 4) being continuous in both wand h, hy > 0 can 
surely be choosen so small that ((«, Ay) < Cand Q(b — ho, hy) > C. Hence 
Q(c, hy) = C, since Y is continuous in x, Then, by the law of the mean 
Q(c, hy) =f (¢ + &) = C, where + lies between a and since 
h,>&>O0anda<c<b—h,. This fact is well known, i. e., i passing from 
one value to another, any derivative f(x) takes on every intermediate value 
provided it exists at every point. 

XIV. Jt follows that if f'(x) approaches two different limits m 
and n (as x approaches hk) with respect to tro different assemblages (M) 
and (N), then f(x) approaches any intermediate value p, (m <p <n), with 
respect to some third assemblage (P). For f(x) assumes values which differ 
from m (and also values which differ from n) by less than any preassigned 
number ¢ near x = 4; hence /’(x) actually assumes the value p at an infinite 
number of points on both sides of x = 4, which proves the theorem. In par- 
ticular, ¢f f’(«) approaches any other value V+ f'(k) over any assemblage, 
then f' (x) also approaches any number betirven V and f'(k) over some assem- 
blage. The property mentioned in the theorem is another property of con- 
tinuous functions which is shared by any existing derivative, for if (x) is 
continuous except at = /, ¢() surely has the property in question. We 
shall resume this discussion presently. 

Again, using the previous notation (p. 183) let &, and &;, , be the values 
of which correspond to h; and ,, respectively, and let h; = Then 
we shall have Y(A, h;) = f'(h + &;) = L,, say, for each value of i. But since 
(J(k, h) is continuous in 4, it assumes every value between L, and L,4; for 
some value of / between h; andh,,,. Hence the assemblage of values of / 
between A; and /;,, for which (V(/, 1) lies between L;and L,,, has the power 
of the continuum. Since f’(x) also assumes all intermediate values in passing 
from one value to another, /"(4 + &) also assumes every values between L, and 
L;.., for some value of h between A; and h;,,. Hence for the values of / found 
above we shall have Y(/, A) = + &) where h lies between /, and h;, , and 
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where & lies between &; and &;,,. Thus the assemblage of values of £ which 
lie between &; and &;,, and which correspond to values of between h; and 
h,,, is an assemblage which has the power of the continuum. Let us then 
consider the sequence &,, &, ---, &,, +--+ and also the interpolated values of & 
just found. The total assemblage (7') formed by uniting all these has the 


* power of the continuum in any interval about & = 0. On the other hand it is 


evident that "(4 + ¢) approaches /’(/) with respect to this assemblage ( 7’). 
It follows that 

XV. Uf f(x) exists in any interval, it is continuous at every point of 
that interval with respect to a certain assemblage (T) which has the power of 
the continuum on each side of the point in any interval whatever about the 
point. 

It would be fallacious to conclude that f(x) is continuous at any point 
with respect to the assemblage of values which 4 + & may assume, and this 
conclusion might lead to as grave error as the previous fallacy. For ex- 
ample, in the previous exercise y = f(x) = z* sin(1/x*), & may actually take 
on any value whatever for some value of k. Hence the conclusion that /’() 
is continuous for the assemblage of all possible / + & would lead to the erro- 
neous conclusion that f(x) is continuous in the ordinary sense. 


4. Derivatives as limits of continuous functions. The func- 
tion Q(x, 4) approaches f(x), if /’(x) exists, for any sequence of values of / 


whose limit is zero. Selecting such a sequence : 


1) 
where the /’s do not depend on x,* the corresponding values of (, viz: 
form a sequence of continuous functions of z, and the series 
3B) Q(x, hy) + [QC a. he) — Q(z, + — Q(x, hy) ] + 


is a series of continuous functions which surely converges to the sum /’(x) for 
any value of x for which f’(x) exists. The results concerning such series are 
therefore immediately applicable. If the series (3) converges uniformly, for 
example, the derivative f’(x) is continuous, for the sum of a uniformly con- 


* It is easy to see that most of what follows is independent of this assumption. 
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vergent series of continuous functions is continuous. Such is the case, in 
particular, if 

— hy)| < whenever ¢ 
or again if 

| Q(x, hn) — Q(x, hy) | < Ut whenever a > n > 


where V is independent of x. That is to say, if (x, h) approaches its limit 
t'(x) uniformly for any constant sequence 1) and for all values of x, then 
J’(z) is continuous. Any example of a derivative which exists and is dis- 
_continuous (e. g., the example given above) is also an example of a series of 
continuous functions whose limit exists and is discontinuous, i. e., an example 
of non-uniform approach ; and that for any sequence of h’s of the type 1). 

On the other hand, suppose that /"(z) is continuous. Then since any 
continuous function is uniformly continuous, f(z + ¢) approaches /7(x) uni- 
formly. Therefore 


— Q(x, whenever ¢ 2 2.N, independent of z, 


for h;) =f (x + &;) and f’(z + &;) surely approaches uniformly. 
It follows that if /’(a) is continuous the sequence 2) is uniformly convergent ; 
hence the series 3) [and also the sequence 2)] has the following unusual 
property : 

XVI. The sum f'(x) of the series 3) of continuous functions is contin- 
uous in an interval when and only when the series 3) converges uniformly in 
that interval. 

It is shown by Baire* that the limit of any sequence of continuous func- 
tions must be continuous at least once (and therefore an infinite number of 
times) in any interval in which the limit exists, and the obvious conclusion is 
drawn that any derivative which exists throughout an interval is continuous at 
at least one point in every subinterval. 

If the derivative /’(z) is discontinuous at any poiut z= a, it must be 
possible to assign a positive number ¢ such that | f"(x) —/"(a)|>e for 
some x in any neighborhood of =a. But since /’(z) takes on all in- 
termediate values between any two which it does take on, it follows that at 
any point of discontinuity z = a a positive number ¢ depending upon a can be 
assigned, such that | /’(2)| takes on every value between |7'(a)| and 
\f'(a) | + € in any neighborhood of « = a. 


* Baire, Thesis: Sur les fonctions discontinues, p. 30 and p. 108. 
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XVII. The range of values all of which a derivative actually takes on in 
any neighborhood of any point x =k is zero only when the derivative is von- 
tinuous at x = k. 

Let us inquire whether a derivative may be discontinuous at points which 
are everywhere dense in an interval throughout which it exists. Any discon- 
tinuous derivative (e. g., the example given above) is an example of the re- 
markable class of functions studied by Darboux, which are not continuous, 
but which do assume all intermediate values. It is even possible to construct 
a function which is discontinuous at every point of an interval but which as- 
sumes all intermediate values in passing between any two which it does assume.* 
Such a function is not the derivative of any function whatever, on account of 
Baire’s theorem. 

On the other hand, it is easy to write down a function which is continu- 
ous at points everywhere dense and also discontinuous at points everywhere 
dense ; e. g., the well known function 


F(x) =0 if x is irrational; F(x)=1/g if 0<x2=p/q<1 


is defined whenever 0 < x < 1, is continuous at every irrational point and dis- 
continuous at every rational point in that interval. This function is not the 
derivative of any function whatever, since it does not assume all intermediate 
values in the necessary manner. 

The question remains then whether it is possible to construct a function 
which has all these peculiar properties, i. e., a function such that the range of 
values all of which it actually takes on in the neighhorhood of a point is zero 
at some point and different from zero at some other point in every interval. 
At first sight this seems impossible, but it becomes evident that such func- 
tions actually exist if we first write the theorem : 


*See Lebesgue, Lecgons sur U'integration (1905), p. 90. Lebesgue defines ¢(x) for0<2<1 
as follows: having written z as an ordinary decimal + = a + ve + he +... he considers 
the sequence a), 43, as, @;,. . .; if this sequence is not periodic he defines ¢(z) = 0; if the same 
sequence is periodic, if a2,—, is the first member of a period, he defines 


Then $(z) takes on every value between 0 and 1 in every subinterval of the interval 0 < « 31; 
but ¢(z) is discontinuous at every point. 
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XVIII. Either (a) the derivative of any differentiable function is con- 
tinuous throughout some subinterval of any interval in which it exists; or else 
(b) the derivative has the unusual property just mentioned. 

The discovery of a derivative which exists at every point and which is 
discontinuous at points everywhere dense in any interval would therefore lead 
to a remarkable example of a function. It is obvious that such a function re- 
sults if we apply Hankel’s principle of condensation of singularities to the 
preceding example x? sin (1/x*), for we can write down at once a uniformly 
convergent series which has a derivative everywhere, which itself is discontin- 
uous at points everywhere dense.* Thus there actually exists functions (e.7., 


* Such examples are known. The intention of this remark is to call attention to the conse- 
quence mentioned above. 
Lebesgue indicates (1. c., p. 94), but does not actually write out, the following example : 


Let a) = —a)* Sin 

and let 
= Where a), az, . are the elements of any countable dense assemblage 
(BE) (e. g., all rational numbers) arranged in a sequence. 

Then the series 

1 1 


is an absolutely and uniformly convergent series, 0 S ¢ = 1. 


Let 


1 


IIA 


=0, 


and let ¥,(z) = ¥(sz,a,). Then the series of discontinuous functions: 
(2) + +... + ya(r) +... 


converges absolutely and uniformly, 0<z<1, and the individual terms, y¥,(7), are the 
derivatives of the individual terms of (1). Jt follows that ¥(x) is the derivative of (7), and 
that ¥(r) is discontinuous at each point of (EB). 

In order to prove this we need to show first that (2) for every value of visa uniformly 
convergent series of continuous functions plus at most a single discontinuous function; hence 
¥(z) is continuous except at points of (£) and is discontinuous at any point a, of (£) with the 


same discontinuity as 9;). 
We must also show that d@(z)/dr =y¥(xz). This follows from the faet that (2) is a uni- 


formly comrergent series of derivatives of the terms of (1) although S¥(4)de does not exist in 
Riemann’s sense. 
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W(x) in footnote) which are (1) discontinuous at some point in every interval, 
(2) continuous at some (other) point in every interval, and which (3) actually 
take on every intermediate value between any two values which they do assume. 


5. The Derivative Continuous. Let us now consider a function 
J(x) whose derivative exists and is continuous throughout some interval 
asaxsbh. We know that a sufficient condition for the continuity of /'(x) 
is that E(x, 4) be a continuous function of h when z is constant, or even that 
|€| assume all values less than 7A for some value of || less than 'p. Con- 
versely, can we infer that if f'(x) is continuous, it will follow that E(x, h) isa 
continuous function of h when x is constant? Or even that |&| assumes all 
values less than *d for some value of \|h| less than'p? Such a conclusion seems 
to be obvious at first sight, but it is untrue. 

Let us consider, for example, the function ‘ 


y = f(z) = (1 + sin *) if « + 0, 
The derivative is 
1 1 
(2) = 3x (1 + sin >) — if » + 0, 
=f'(2) = 0 if x= 0, 


which is continuous for all values of x. Nevertheless there are values of 
&(0,4) which are not taken on for any value of x whatever and which lie as 
close to zero as we please. For it is obvious that 
2 

and that 

2 2 
(4n + (4n + 
Now /f'(x) #0, since f'(x) # const. Moreover /’(x) 2 0 is surely false, 
since /(0) is not a minimum to the right. Hence /"(x) < 0 for some value 


2 2 
of x, say 2,, which lies between jin + Ie and ase It follows 


J(#)=9 when x= : f(x) >0 when x + 


that — never takes on the value ~,, since in the formula 


S(h) =F(E), Eh 


the right-hand side is never negative. We may therefore conclude that 
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XIX. /t ts entirely possible that f'(x) exists and is continuous through- 
out an interval about a point x=k, and yet that the assemblage of values 
which the function E(k, h) never assumes has the power of the continuum. For 
since f’(x) is continuous, it assumes negative values (say) for all values of x 
in the neighborhood of any point where it is negative. 


6. Maxima and Minima, Some of the remarks made above and 
several of the examples are suggestive in the theory of ordinary maxima and 
minima. It follows directly from the law of the mean that if 

f'(a) = 9, and f'(a + h) < 0, and f'(x —h) > 0, whenever 0 <h <6 
then f(x) is ata proper maximum * for x =a. It seems at first sight obvious 
that the converse would also be true and such a statement can be found without 
extensive search. Let us examine a few problems. 

In the example 


1 
+ sin =)+ if x 40, 
y= f(z)=0 if r=, 
which is a slight modification of that on p. 182, the derivative is 
= 2xsin=, — cos + z if x 40, 
y =f'(z)=0 if = 0. 


Since the term (2/x)cos(1/z*) determines the sign of /"(x) for values 
of « for which |cos(1/z*)| is sutfticiently large near x = 0, it is evident 
that f’(z) takes on both positive and negative values on each side of 
x = 0 inside of any interval about c= 0. It follows that the preceding 
method leads to no result. Moreover f(x) does not even exist for x = 0. 
Hence the only usual method for determining whether x = 0 gives a minimum 
is by examining the function directly. It is evident, however, that J(@) is at 
a proper minimum at x = 0. 

An objection might be made that /"(x) is discontinuous at x= 0 in the 
preceding example. To meet such reasonable objection, we may cite the 
example 


1 
y = fi) = «(1 + sin 2) + e if x 0, 
y =f(x) =0 


* That is f(a) < f(ath),O<h<6. If merely f(a) S fia + h) the minimum is said to be 
improper. 
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which is a slight modification of the example of p. 189. Here the derivative 
is 


y' =S'(2) = + sin * if xz 0, 
y' =f' (x) =0 ifx=0, 
which is continuous for al] values of x. But for values of x which satisfy 
1 
0<z= 


we find 
- 
cos(1/z)=1, sin(1/z)=90, f'(%) = 14+ 


For sufficiently large values of n, i. e., for sufficiently small values of 2, /'(Z) 
is evidently negative. Hence for sufficiently large values of n we shall have 


SJ'(1/2n7r) < 0, and likewise f’(1/(2n + 1)7) > 0. 


Hence /’(x) is both positive and negative at points on both sides of x = 0 in- 
side of any interval about x=0. And /’(x) is continuous everywhere. 
Nevertheless, f(x) is at an absolute proper minimum at x =0.* For we have 
J(9) = 0, and f(x) > 0 when x #0. Any attempt to establish the fact by 
any of the usual metheds is futile, for /’(x) = 0.for x = 0 and f”'(0) does 
not exist, while both f” and f”’ are both positive and negative near x = 0 on 
both sides of that point. 

This example depends essentially, as do those which follow, upon the fact 
established above, viz., that &(x, 4) does not necessarily take on all values near 
zero for any limited values of 4 even though /’(x) is continuous. For if & 
took on all values in the manner specified above, we should have 


S'(k+t)>0 and f(k—t)<0 whenever 0<t< 6, 
since f(k +h) —f(k) > 0 and f(k—h)—f(k) <0 provided x =k givesa 
minimum. In fact we may say that 
XX. If the function |\E(k, h)| takes on all values less than * for some 
value of \h| less than 'p, then the condition 
S'(k)=9, f'(k+t)>0, f'(k-t) <9, 0<t<6 
is both necessary and sufficient for the existence of a proper minimum atx = k. 
It is evident from the preceding example, however, that /(x) may be at 


* That is (0) < s(x) forall x 4 0. 
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an absolute proper minimum and that /"(2) may have no settled sign in any 


‘interval on either side of the point in question, even though /"(x) is every- 


where continuous.* Since the values which & takes on for values of / less 
than any positive number p form an assemblage with the power of the con- 
tinuum, we may at least assert that 

XXI. Jf a continuous function f(x) is at a proper minimum for x =k, 
the assemblage of values of x for which f’(x) is negative (positive) has the 
power of the continuum in any interval whatever to the left (right) of x =k. 

In a similar manner examples may be constructed in which any desired 
number of derivatives exist and are continuous, but for which no process 
except direct inspection of the given function leads to any result; and for 
which the point in question gives an absolute proper minimum. 

It may be objected that in each of the preceding examples the number 
of maxima and minima is infinite. In the following example : 


y= = 
where 
= 2(1 + sin if x 40, 
f(x) =0 if x= 0, 


this objection is removed. Since f(x) is everywhere continuous and has the 
same sign as « itself, the function ¢(~) is continuous, has its derivative 
(x) [= | everywhere continuous, and is at an ‘solated absolute proper min- 
imum for x=0. Nevertheless $'(x) does not always have the same sign as x, for 


J(£) [=$'(*) ] vanishes whenever z = »and changes sign at such 


(in 
points. 

While the results presented in this paper cannot be said to be complete, 
they present at least some characteristic properties of the remarkable function 
&(x, h) which occurs in the law of the mean, and the writer hopes that this 
study may clear up some of the indistinct ideas regarding derivatives which 
must have troubled many a reader. 


Co_umsBtia, Missouri, 
DECEMBER, 1905. 


* That is, knowing that f(x), together with /’(z), is everywhere continuous, and knowing 
that f(z) has a maximum for z = c, we can not assert that f'(c +h) SO when 0 <h <4, for 
example, even though 6 be arbitrarily small. This holds even if the maximum is isolated 
and proper (see next example). 
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